Abstract. In [10] , Sahni and Singh settled a problem posed in [16] by generalizing the main result of [16] with a simple proof in the setting of sub-Hilbert spaces in H 2 (T). In this paper, we extend the main result of [10] to the setting of the Banach spaces H p , 1 ≤ p ≤ ∞ on the circle and the torus.
Introduction
Let H be a Hilbert space contained in the Hardy space H 2 . The inner products on H and H 2 are denoted by ·, · H and ·, · 2 respectively. In [16] Yousefi and Hesameddini assume H to satisfy the following axioms:
A1. If there are four functions f 1 , f 2 , g 1 , g 2 ∈ H such that f 1 , g 1 H = f 2 , g 2 H , then we have f 1 , g 1 2 = f 2 , g 2 2 . A2. If ϕ is any inner function, then ϕf, ϕg H = f, g H for all f, g ∈ H.
and pose the open question "Is every Hilbert space H satisfying axioms A1 and A2 of the form ϕH 2 for some ϕ ∈ H ∞ , and there exists a constant k such that f, g H = k f, g 2 for every f, g ∈ H"?
Recently, Sahni and Singh [10] have settled the above open problem in the affirmative. In fact, they prove a far more general result by assuming axiom (A2) to hold for a fixed Blaschke factor of order n instead of every inner function. The main result of [10] runs as follows: Theorem 1.1 (Theorem 3.1, [10] ). Let H be a Hilbert space contained in H 2 such that:
(i) T B (H) ⊂ H and Bf, Bg H = f, g H for all f, g ∈ H;
(ii) If f 1 , f 2 , g 1 , g 2 ∈ H satisfy
Then there exist unique B−inner functions
and the B− matrix of the r− tuple (b 1 , . . . , b r ) is B− inner.
The main result of [16] is the following invariant subspace characterization for the operator S which stands for multiplication by the coordinate function z on H (that is S : H −→ H such that S(f (z)) = zf (z)): [10] by showing that the condition M (H) = H ∞ is redundant. The proof relies on the solution of the above open problem which comes as a special case by taking B(z) = z in Theorem 1.1.
In the present paper we extend Theorem 1.1, and also the invariant subspace characterizations of [10] and [16] to the context of H p spaces for all p ≥ 1.
Preliminary Results
Let D denote the open unit disk, and its boundary, the unit circle by T. The Lebesgue space L p on the unit circle is a collection of complex valued functions f on the unit circle such that |f | p dm is finite, where dm is the normalized Lebesgue measure on T.
The Hardy space H p is the following closed subspace of
For 1 ≤ p < ∞, H p is a Banach space under the norm
However H ∞ is a Banach space under the norm
The Hardy space H 2 turns out to be a Hilbert space under the inner product
An inner function is any function ϕ in H 2 that satisfies ϕf, ϕg 2 = f, g 2 for every f, g ∈ H 2 . Equivalently, this means that ϕf 2 = f 2 for every f ∈ H 2 . By a finite Blaschke product B(z) we mean
where each α i ∈ D. Each finite Blaschke factor is an inner function. The isometric operator of multiplication by B on H 2 shall be denoted by T B . When n = 1 and α 1 = 0 then B(z) = z. For the rest of this paper we shall assume that α 1 = 0. This shall not cause any loss in generality due to the conformal invariance of H 2 . By H 2 (B) we denote the closed linear span of {B n : n = 0, 1, . . .} in H 2 . A detailed account of H p spaces can be found in [1] , [2] , and [4] . We now record results that will be used in our derivations. Note that throughout this paper B(z) shall denote an arbitrarily chosen but then fixed finite Blaschke factor with B(0) = 0.
In [15] , an orthonormal basis of H 2 is constructed in terms of the Blaschke factor B(z). The description of the basis is {e j,m : 0 ≤ j ≤ n − 1, m = 0, 1, 2, . . .}, where
As a consequence, we can write
Now, to each r− tuple (ϕ 1 , . . . , ϕ r ) of functions in H 2 we associate a n×r matrix of H 2 functions called the B− matrix of (ϕ 1 , . . . , ϕ r ) defined by
We say that A is B− inner if
where 1 ≤ s, t ≤ r, and δ st is the Kronecker delta.
The following lemma provides a necessary and sufficient condition for a B-matrix to be B-inner. A decomposition similar to equation (2.1) is valid for H p spaces as well:
Lemma 2.2 (Lemma 2, [11] ). For p ≥ 1, we can write We also borrow the following characterization of multipliers of L 2 into L p established in the proof of Corollary 5.1 of [13] :
The space BM O is the space of L 1 functions f such that
where I is any subarc of the unit circle T, and |I| denotes the normalized Lebesgue measure of I. BM O is a Banach space under the norm: 
Proof. The proof is on similar lines as that of Lemma 4.3 in [15] . We only outline the important steps here. For the sake of simplicity let n = 2 (the general case follows on similar lines).
If
∞ such that: ϕ j = e 0,0 ϕ 0,j + e 1,0 ϕ 1,j . Now we form the matrix
where λ 1 = ϕ 02 ϕ 13 − ϕ 03 ϕ 12 , λ 2 = ϕ 01 ϕ 13 − ϕ 03 ϕ 11 , and λ 3 = ϕ 01 ϕ 12 − ϕ 02 ϕ 11 . Taking the inner product on both sides of equation (3.1) with ϕ 1 λ 1 , we get ϕ 1 λ 1 = 0. This implies that λ 1 = 0. In a similar fashion, λ 2 = λ 3 = 0.
Using λ 3 = 0, it is easy to show that ϕ 1 ϕ 02 − ϕ 2 ϕ 01 = 0. So ϕ 1 ϕ 02 and ϕ 2 ϕ 01 belong to ϕ 1 H 2 (B) ∩ ϕ 2 H 2 (B). This implies that ϕ 02 = ϕ 01 = 0. Similarly, all other elements in second and third rows of A are zero. This means that each ϕ j = 0, which is a contradiction.
Theorem 3.2. Let H be a Hilbert space contained in
and further there exist scalars k 1 , . . . , k r such that
Proof. Case 1. 1 ≤ p ≤ 2. Since T B is an isometry on H, so by Wold decomposition [9] , we can write We claim that ϕH 2 (B) ⊂ H. Let f be an arbitrary element of
We make the following computation:
Since {f m } is a Cauchy sequence in H 2 so {ϕf m } is a Cauchy sequence in H. But H is complete, so there exists g ∈ H such that ϕf m → g in the norm of H. Note that for any positive integer k, we can write:
where
From Lemma 2.2, we can write
Substituting (3.4) in equation (3.3) we see that the (j, m)th Fourier coefficient of g is equal to the (j, m)th Fourier coefficient of ϕf . Hence g = ϕf and this establishes our claim. This also proves that ϕ multiplies back into H 2 . This implies that ψ ∈ H ∞ and hence ψ is B-inner. This also implies that ϕ ∈ H ∞ and so the wandering subspace N is contained in H ∞ . Next we show that dim N ≤ n. Let ϕ 1 , . . . , ϕ r be mutually orthogonal unit vectors in H. By continuity of inner product (on H), it is easily seen that ϕ i H 2 (B) ⊥ ϕ j H 2 (B) whenever i = j. Therefore by Lemma 3.1 we have r ≤ n.
Once again by the Wold type decomposition in equation (3.2) we see that
are B-inner functions. This establishes the first part of the theorem. Lastly, we derive an expression for the norm as follows:
, and f i ∈ H 2 (B) for all i = 1, . . . , r.
Case 2. p > 2. We shall show that the wandering subspace in equation (3.2) is zero. If possible, let 0 = b ∈ N . Then by similar arguments as above it can be seen that b multiplies
Choose an ǫ > 0 such that the set E = {t : |b(t)| > ǫ} has positive measure (such an ǫ exists because b is not zero).
Since
This together with the fact that b is invertible on E yields
This is a contradiction which is a consequence of the assumption that b = 0. Hence 
Two variable results
First we give some preliminaries about two variable Hardy spaces. The torus is the cartesian product of two unit circles in the complex plane, and is denoted by T 2 . For 1 ≤ p < ∞, the Hardy space H p (T 2 ) is the following closed subspace of
f ∈ L p (T 2 ) :
f (z, w)z m w n dm = 0 whenever m < 0 or n < 0 where dm is the normalized Lebesgue measure on the torus. 
